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Boolean Algebra first-order theory
Boolean Algebra first-order property
$\Sigma_{n^{-}}formula$ Boolean Algebra $A$ element parameter $a_{1},$ $\cdots,$ $a_{m}$




Boolean Algebra language $\vee,$ $\wedge,$ $c,$ $0,1$ axiom
$0\neq 1$ axiom singleton{0} Boolean Algebra
Boolean Algebra 4 first-order property $a$ Boolean
Algebra element :
$a$ atom $0$ $a$ proper clement clement
Stone space isolated point space $a$ atomless $a$
element Stone space Cantor
space homeomorphic space $a$ atomic $a$ atom
element Stone space isolated points
union space $a$ separable $a$ atomless element atomic
element union element separable




element subset Boolean Algebra ideal
separable element Stone space isolated point
Cantor space homeomorphic subspace
space
atom element Boolean Algebra
separable element ideal quotient space atom atomless element
Definition 1 (n-characteristic [He]) $B$ element $a$ $n$
a n-characteristic $D(n, a)$ :
$D(0, a)=\{\begin{array}{l}0ifa=01ifa\neq 0\end{array}$
$D(n+1, a)=\{\{D(n, b), D(n, a-b)\};b\leq a\}$
$n=0$
$0$ for zero
1 for a nonzero element
$n=1$
$z_{1}=\{\{0\}\}$ for zero .
$at=\{\{0,1\}\}$ for an atom .
$na=\{\{0,1\}, \{1\}\}$ for a nonzero nonatom .
$n=2$
$z_{2}=\{\{z_{1}\}\}$ for zero .
$a_{1}=$ { $\{z_{1}$ , at}} for an atom,
$a_{2}=\{\{at\}, \{z_{1}, na\}\}$ for 2 atom join .
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$a_{3}=\{\{at, na\}, \{z_{1}, na\}\}$ for 3 atom ut join
$a_{-}=\{\{na\}, \{z_{1}, na\}\}$ for an atomless element
$b=$ { $\{na\},$ {at, $na\},$ $\{z_{1},$ $na\}$ } for 4 atom atomic element 1
atomless element 1 atom element
$n$ identify atom
$i\backslash$ identify $D$ element
n-characteristic $n$ quantifier formula Hein-
dorf
Theorem 2 ([He]) Boolean Algebra $A$ $B$ $\{a_{i}\}_{i=1}^{m}\subseteq A_{f}\{b_{i}\}_{1}^{m_{=1}}\subseteq B$
formula $\varphi(x_{1}, \cdots, x_{m})$ $n$ quantifier
$A\models\varphi(a_{1}, \cdots, a_{m})\Leftrightarrow B\models\varphi(b_{1}, \cdots, b_{m})$
$D(n, a_{i})=D(n, b_{i})$ $i\leq m$
$n$ $n=0$ $\varphi$ quantifier-free
$n-1$ $\varphi$ $n-1$ quantifier $A\models$
$\exists x\varphi(x, a_{1}, \cdots, a_{m})$ $B\models\neg\exists x\varphi(x, b_{1}, \cdots, b_{m})$ $i\leq m$ $D(n, a_{i})=D(n, b_{i})$
$a\in A$
$A\models\varphi(a, a_{1}, \cdots, a_{m})$
$a_{1}^{0}=a^{c}\wedge a_{i\text{ }}a_{i}^{1}=a\wedge a$ ; $\{a_{i}^{0}\}\cup\{a_{i}^{1}\}$ $A$
$A\models\varphi(a^{i}, a_{1}^{0}\vee a_{1}^{1}, \cdots, a_{m}^{0}\vee a_{m}^{1})$
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$D(n, a_{i})=D(n, b_{i})$ $i\leq m$ $D(n-1, a_{1}^{0})=$
$D(n-1, b_{1}^{0})$ $D(n-1, a!)=D(n-1, b_{i}^{1})$ $\{b_{i}^{0}\}_{1}^{m_{=1}}\cup\{b_{i}^{1}\}_{1}^{m_{=1}}$
$B\models\varphi(b^{i}, b_{1}^{0}\vee b_{1}^{1}, \cdots, b_{m}^{0}\vee b_{m}^{1})$
$i\leq m$ $b^{\dot{0}}\vee b!=b_{i}$
”




Lemma 3 $n$ Boolean algebra $A$ $B$ $a\in A$ $b\in B$
$D(n, a)=D(n, b)$ :
(1) $n=4k$
(1.1) $a,$ $b$ $N_{0}^{l}$ disjoint l-atom $join$ $(0\leq N_{0}^{l}\leq 2^{4(k-l)}-1)$
$(l<k)$ ,
(1.2) $a,$ $b$ $M_{0}^{l}$ disjoint l-atom l-atomless element $join$
$(0\leq M_{0}^{1}\leq 2^{4(k-1)}-5)(l<k)$ ,
(1.3) $a,$ $b$ l-atomless element $(2^{4(k-I)}-4)$ disjoint
l-atom l-atomic element join $(l<k)$
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(1.4) $a,$ $b$ $2^{4(k-l)}$ disjoint l-atom l-atomic
element $(l<k)$ ,
(1.5) $a,$ $b$ (k–l)-separable
(2) $n=4k+1$
(2.1) $a,$ $b$ $N_{1}^{l}$ disjoint l-atom $join$ $(0\leq N_{1}^{l}\leq 2^{4(k-1)+1}-1)$
$(l\leq k)$ ,
(2.2) $a,$ $b$ $M_{1}^{l}$ disjoint l-atom l-atomless element join
$(0\leq M_{1}^{l}\leq 2^{4(k-l)+1}-5)(l<k)$ ,
(2.3) $a,$ $b$ l-atomless element $(2^{4(k-1)+1}-4)$ disjoint
l-atom l-atomic element join $(l<k)$
(2.4) $a,$ $b$ $2^{4(k-1)+1}$ disjoint l-atom l-atomic
element $(l<k)$ ,
(2.5) $a,$ $b$ (k–l)-separable k-atom
(3) $n=4k+2$
(3.1) $a,$ $b$ $N_{2}^{l}$ disjoint l-atom $join$ $(0\leq N_{2}^{l}\leq 2^{4(k-l)+2}-1)$
$(l\leq k)$ ,
(3.2) $a,$ $b$ $M_{2}^{l}$ disjoint l-atom l-atomless element $join$
$(0\leq M_{2}^{l}\leq 2^{4(k-l)+2}-5)(l<k)$ ,
(3.3) $a,$ $b$ l-atomless element $(2^{4(k-\mathfrak{l})+2}-4)$ disjoint
l-atom l-atomic element join $(l<k)$
(3.4) $a,$ $b$ $2^{4(k-1)+2}$ disjoint l-atom l-atomic
element $(l<k)$ ,
(3.5) $a,$ $b$ k-atomless
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(3.6) $a,$ $b$ 4 disjoint k-atom k-atomic element




(4.1) $a,$ $b$ $N_{3}^{t}$ disjoint l-atom $join$ $(0\leq N_{3}^{l}\leq 2^{4(k-l)+3}-1)$
$(l\leq k)$ ,
(4.2) $a,$ $b$ $M_{3}^{l}$ disjoint l-atom l-atomless element $join$
$(0\leq M_{3}^{l}\leq 2^{4(k-1)+3}-5)(l\leq k)$ ,
(4.3) $a,$ $b$ l-atomless element $(2^{4(k-1)+3}-4)$ disjoint
l-atom l-atomic element join $(l<k)$
(4.4) $a,$ $b$ $2^{4(k-l)+3}$ disjoint l-atom l-atomic
element $(l\leq k)$ ,
(4.5) $a,$ $b$ k-atomless element 4 disjoint k-atom
lemma
corollary n-separable Boolean algebra (7) theory $L_{n}$ predicate
language quantifier
$n$ quantifier theory
$\{A\mathcal{T}_{l}(x);l\leq n\},$ $\{\mathcal{I}_{l}(x);l\leq n-1\}$
$\{B_{l}^{u}(x);u<\omega, l\leq n\}$ $L_{n}$ $L_{B}$ union $I_{l}(x)$
AT $(x)$ ( $x$ l-separable ” $x$ l-atomic ” first-order
definable formula $T_{n}$ Boolean Algebra first-order theory




$x$ $u$ disjoint l-atom ”) for $u<\omega,$ $l\leq n$
n-separable algebra (7) theory :
Corollary 4 $T_{n}$ $L_{n}$ quantifier
Tarski ([CK] )
Definition 5 B element $a$ $n$
$T(a)=a$ n-separable $/J\backslash$ $n$ $n$ $\infty$ .
$S(a, n)=a$ pairwise disjoint n-atom $a$
pairwise disjoint n-atom $\infty$
$S’(a, n)=a$ pairwise disjoint n-separable element
$a$ pairwise disjoint n-separable element
$\infty$
Corollary 6 (Tarski) $A$ $B$ Boolean Algebra $A$ $B$ elementary equiv-
alent $T(1_{A})=T(1_{B})$ $S(1_{A}, T(1_{A}))=S(1_{B}, T(1_{B}))$ $A$
$T(1_{A})$ -atomic iff $B$ $T(1_{B})$ -atomic “
$\{m_{j}\}_{j}^{n_{=1}}$ $n$ sequence
$C(n, l, \langle m_{j})_{j=1}^{n})=\underline{\max_{0\leq t\leq 4(kl)+s-1}}\{(\Pi_{\dot{J}}^{n_{=n-t}}m_{j})\cross 2^{4(k-1)+s-1-t}\}$ .
:
Theorem 7 Boolean algebra $A$ $B$ $\{a_{i}\}_{1}^{m_{=1}}\subseteq A$ $\{b_{i}\}_{1}^{m_{=1}}\subseteq B$
$\varphi(x_{1}, \cdots, x_{m})$ $i$ $p$; quantifier
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prenex $\Sigma_{n}$ -formula
$A\models\varphi(a_{1}, \cdots, a_{m})\Leftrightarrow B\models\varphi(b_{1}, \cdots, b_{m})$
:
(1) $i\leq m$ $D(n, a;)=D(n, b_{i})$
(2) $n=4k+s(s=2,3,4)$ $i\leq m$
(2.1) $T(a;)=T(b_{i})\leq k$
$S(a_{i}, T(a:))=S(b_{i},T(b_{i}))<C(n,T(a_{i}),$ $(2^{Pj}\rangle_{j=1}^{n})$
(2.2) $S(a_{i}, t),$ $S(b_{i},t)\geq C(n,t, \{2^{p_{j}}\rangle_{j}^{n_{=1}})$
for $t= \min\{T(a_{i}),T(b:), k\}$
$n=4k+1$ $i\leq m$
(2.3) (2.1) with $k-1$
(2.4) $T(a;)=T(b_{i})\leq k-1$
$S(a_{i}, T(a_{i})),$ $S(b;,T(a;))\geq C(n, T(a_{i}),$ $\langle 2^{Pj}\rangle_{j=1}^{n}$ )
(2.5) $T(a_{i})=T(b_{i})=k$
$S’(a;, k-1)=S’(b_{i}, k-1)<2^{Pn}$








Corollary 9 ([Wa]) $A$ $B$ $T(1_{A}),$ $T(1_{B})\geq k+1$ Boolean algebra
$\Sigma_{4k+4^{-sentence}}$
Boolean Algebra $A$ $B$ atomless model-complete theory model
$A$ $B$ embedding $I$ formula
Boolean Algebra formula
Theorem 10 $a$ $D(n, a)$ $A$ $B$ embedding $I$
$D(n, a)=D(n, I(a))$ $a\in A$
$I$ $\Sigma_{n}$ -formula $\Pi_{\mathfrak{n}}$ -formula
[N]
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